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Many problems can be expressed in first-order (FO) logic.

O independent set of size k:
dzq ... dzy, /\az’i b \NTp #F T
Y]
O dominating set of size k:
dxq ... dap Yy \/ywwi\/y:xi

)

O basic database queries

Best algorithms on general graphs: n©*)
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Model-Checking

k-independent set

T

k-dominatingset ———  logic = ——— model-checking

@ =3xy...Jzg...] f(ehn
length depends on & algorithm
MC(G, L)
Input: A graph G € G and asentence ¢ € L

Parameter: ||
Problem: Is p truein G?

Goal: linear FPT run time f(|¢|)n 3
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Nowhere Dense
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Bounded Expansion
1
(Top.) Minor Free
— T ~
Planar Bounded Degree Bounded Treewidth

If G has bounded treewidth then MC(G, MSO) € FPT.
[Courcelle 1990]

If G is nowhere dense then MC(G, FO) € FPT.
[Grohe, Kreutzer, Sieberz 2011]
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Bounded Expansion

radius r

——

|
o < f(r)
V]
for every r-shallow
minor of every graph
in the graph class.
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Counting Problems

PARTIAL DOMINATING SET

Input: Agraph Gand k,m € N

Parameter: k

Problem:  Are there k vertices dominating m vertices?

Cannot be expressed in first-order logic (requires Jy; . . . Jy,,).

Can be solved on H-minor free graphs in time (g(H)k)*n®M),
[Amini, Fomin, Saurabh, 2008]

Can be solved on apex-minor-free graphs in time 2V*,,0(1).

[Fomin, Lokshtanov, Raman, Saurabh, 2011]

Is W[1]-hard for 2-degenerate graphs.
[Golovach, Villanger 2008]
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Counting Problems

PARTIAL DOMINATING SET
Input: AgraphGandk,m € N

Parameter: k
Problem:  Are there k vertices dominating m vertices?

FO({>0}) = FO + “there are at least/most m € N elements’

3%1...3xk#y(\/y~xi/\y:wi) >m

7

Length of formula depends only on % (and not on m)



Counting Logic

Definition of FO({> 0})

built recursively using

o the rules of FO
o #y ¢ > m forevery m € N and FO({>0}) formula ¢

Example 1: PARTIAL DOMINATING SET

dry ... dxr #y (\/ywxi/\y:xi) >m

Example 2: h-Index
#mypaper (#otherpaper cite(otherpaper, mypaper) > h) >h
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Somewhere Dense
<
Nowhere Dense
T
Bounded Expansion
T
(Top.) Minor Free
— ) ~
Planar Bounded Degree Bounded Treewidth

If G has bounded degree then MC(G, FOC) € FPT.
[Kuske, Schweikardt 2017]

MC(G, FO({>0})) is AW[x]-hard on trees.
similar to [Grohe, Schweikardt 2018] 9
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contains k-clique satisfies FO({>0}) formula
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Stability

Are there k vertices dominating at least m = 5017 vertices?

> 5017

I1...Tk

Lete > 0. A formula ¢ is e-unstable on a graph G if scaling the
counting literals by (1 & ¢) changes whether ¢ is true in G.
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Approximate Model-Checking

Theorem

Let G be a graph class with bounded expansion and € > 0.
There exists an algorithm which takes G € G, ¢ € FO({>0}),

runs in time f(||)n and returns ‘ ’ or .
O If ‘ then ¢ is true on G.
o If ‘ then ¢ is false on G.

O If ‘ then ¢ is e-unstable on G.
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Approximate Model-Checking

PARTIAL DOMINATING SET: 31 ... Joy, #y (\/ Yy~ ziANy =) >m

)

There exists a set dominating
> (14 €)m vertices.

All sets dominate < (1 + ¢)m vertices
& and there exists a set dominating
> (1 — e)m vertices.

il ool ‘ All sets dominate < (1 — &)m vertices.



Exact Counting

PARTIALDOMINATINGSET can be solved in time f(k)n on graph
classes with bounded expansion.



Exact Counting

Theorem

PARTIALDOMINATINGSET can be solved in time f(k)n on graph
classes with bounded expansion.

This holds for all problems of the form

Jzq ... Jxp#y p(yzy ... xkK) -
—_———
€ FO
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How about extensions of FO({> 0})?

FO({>0}) allows comparing #y and m € N.

Approximate model-checking becomes hard on trees if also allow
one of the following:

O comparing #y and #z (eg. #y o > #z 1)
O counting tuples #yz (e.g, #yz ¢ > m)
O multiplying of counting terms (g, #y v - #z1 >m)
O subtraction of counting terms (e.g., #y p — #z ¢ > m)
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FO({>0})is

O hard to solve exactly on trees,

O possible to approximate on bounded expansion.

Slight extensions of FO({>0}) are

O hard to approximate on trees.

= FO({>0}) seems like “the right logic” for
approximation on sparse graphs



Somewhere Dense
<
Nowhere Dense
0
Bounded Expansion
1
(Top.) Minor Free
— T ~
Planar Bounded Degree Bounded Treewidth

Can we generalize our results to nowhere dense graph classes?
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We want to gradually simplify this formula.

quantifier-free FO

"
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Proof Sketch — Domination

#as (xg~x1 VI3 ~x2) >mM

replace with quantifier-free FO

N
N(z1) . N(zz) >m
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. relatively small To
intersection

N
N(z1) ‘ N (x2) % m

T T2

N
N@)  +  N@) zm

R>i(x) true
iff |N(z)| >4
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Proof Sketch — Small Intersection

. relatively small T
intersection

)
i) ‘ N(z2) % m

I 79

N
N(z1) + N(z2) % m

\/ R>i(21) A Rom—i(22) iﬁﬁi)tlr;ei

i € {0em, lem,2em, ..., m}
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1/e

\/ R>cmi(21) A Re>m—cmi(x2)
i=0

Oem  lem  2em 4dem  bem  Gem Tem -+ m
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1/e
\/ Roemi(71) A R>m—emi(z2)
1=0
Oem  lem  2em 4dem  bem  Gem Tem -+ m

unstable
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Proof Sketch — Large Intersection

relatively
Ti. large  xo
intersection

N(zq) N(zs)

RV
3

22



Proof Sketch — Large Intersection

relatively
x1. large o
intersection

N

N(z1) N (z2) % m

many T2 with
large intersection

Z1
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Proof Sketch — Large Intersection

relatively
x1. large o
intersection

N(:cl) N(.’IIQ)

many 2 with large 1-subdivided

large intersection = clique
T T2
T2
T2
T2
T2
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Proof Sketch — Large Intersection

relatively
x1. large To
intersection

N
N(z) BTN (2,) 2 m
many Z2 with — large 1-subdivided not bounded
large intersection clique expansion
Z1 X9

We assume (for simplicity) 1 has only one T2
with a large intersection.
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Proof Sketch — Large Intersection

relatively

xi. large T
intersection ( 1)

N

NG (YOIN(f@@0) & m
many Z2 with — large 1-subdivided not bounded
large intersection clique expansion
Z1 X9

We assume (for simplicity) 1 has only one T2
with a large intersection.
We callit f(z1).
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xi. large T
intersection ( 1)

Qf(x) true
if [N (2) UN(f(2))] = m

Final Formula:
(562 = f(z1) A Qf@l))
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Proof Sketch — Large Intersection

relatively

xi. large T
intersection ( 1)

Qf(x) true
if [N (2) UN(f(2))] = m

Final Formula:
(x?, — f(z1) A Qf(:cl))v
(arz # f(x1) A wsman(arl,arz))
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Proof Sketch — Quantifier Elimination

Gradually simplify formula.

quantifer-free FO

my < #x4 (m2 < #12 (ms < #Haz p(r17273) ))

replace with quantifier-free FO
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Gradually simplify formula.

quantifier-free FO

—
my < #aq (m2 < Hwo o @ (z120) )

replace with quantifier-free FO
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Gradually simplify formula.

quantifier-free FO

my < #xy ¢ (11)
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Gradually simplify formula.
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Questions or Feedback?

dreier@cs.rwth-aachen.de
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