RWTH Aachen University Lehrgebiet Theoretische Informatik Kneis—Langer—Sikdar

WS 2010/11 Tutorial 13 25.01.2011

Tutorial Exact Algorithms

Exercise T27 Single Machine Scheduling. We are given a set of n tasks T_1, . . . , T_n and each task has associated with it three integers: a positive execution time l(i); a nonnegative release time r(i); and, a positive deadline d(i). We wish to determine whether there exists a single-machine schedule starting at time 0 such that the execution of each task takes place in the interval bounded by its release time and its deadline. A feasible solution may be viewed as a set I of disjoint open intervals on the real line such that the following hold:

1. Each interval I is assigned a label from the set {1, . . . , n} and if I is assigned label i, then I = (a, a + l(i)), where a is an integer satisfying r(i) ≤ a and a + l(i) ≤ d(i).

2. Each integer from {1, . . . , n} is a label of some I ∈ I .

Use Inclusion-Exclusion to find out the number of feasible schedules.

Solution We will use the framework of Inclusion-Exclusion to count the number of feasible solutions. A feasible solution may be viewed as a set I of disjoint open intervals on the real line such that the following hold:

1. Each interval I is assigned a label from the set {1, . . . , n} and if I is assigned label i, then I = (a, a + l(i)), where a is an integer satisfying r(i) ≤ a and a + l(i) ≤ d(i).

2. Each integer from {1, . . . , n} is a label of some I ∈ I .

To use the framework on Inclusion-Exclusion, we must define what the objects are and what properties they must satisfy. The objects in this setting are collections of disjoint intervals satisfying condition (1) above. An object I satisfies property A_i for i ∈ [n] if there exists an I ∈ I with label i. Therefore an object I that satisfies properties A_i for all 1 ≤ i ≤ n is a feasible solution. By IE,

|A_1 ∩ · · · ∩ A_n| = ∑ X⊆[n]

(−1)^{|X|} | | | | | ⋂ i∈X Ā_i | | | | | .

Now | | | ⋂ i∈X Ā_i | | | is the number of collections of disjoint open intervals that satisfy (1) above but do not contain labels from X. We will compute | | | ⋂ i∈X Ā_i | | | using dynamic programming. Let T = max_i d(i) and for 0 ≤ t ≤ T , define E(t) := {i ∈ [n]: r(i) ≤ t − l(i) and t ≤ d(i)}.

That is, E(t) is the set of tasks that are eligible to be completed within time t. Let P_X (t) be the number of orderings of disjoint open intervals such that (1) is satisfied and no interval is labeled by an element of X. Then | | | ⋂ i∈X Ā_i | | | = P_X (T ). Now P_X (0) = 1, since the empty collection of intervals vacuously satisfies (1) and has no labels from X. Also define P_X (t) = 0 for all t < 0. For t ≥ 1

P_X (t) = P_X (t − 1) + ∑ i∈E(t)\X

P_X (t − l(i)).

The time taken to compute P_X (T ) is O(nT ) and the space required is O(max_i l(i)) and hence the number of feasible solutions can be counted in time O^∗(2^n) and space O^∗(max_i l(i)).

Exercise T28 Max Internal Spanning Tree. Let T be a tree with at least three vertices. A vertex v ∈ V (T ) is a leaf if deg(v) ≤ 1. A vertex is internal if it is not a leaf. If the tree is rooted at r, then the root is defined neither an internal vertex nor a leaf. The Max Internal Spanning Tree problem is defined as follows:

Input: A connected graph G = (V, E) and a positive integer 1 ≤ c ≤ |V |. Question: Is there a spanning tree of G with at least c internal vertices?

The objective of this exercise and Assignment H29 is to solve this problem using Inclusion- Exclusion.

1. We first establish a connection with branching walks. Show that: There exists a spanning tree of G with at least c internal vertices iff there exists a vertex s ∈ V and a branching walk B = (T, φ) from s of length |V | − 1 such that φ(V (T )) = V and T has at most |V | − (c + 1) leaves. Assume that |V | ≥ 3.

2. We now count the number of branching walks with the properties in (1) above using Inclusion-Exclusion. To do this we need to define what the objects are and what properties they must satisfy. The objects in this setting are all branching walks B = (T, φ) of length n − 1 such that T has at most n − (c + 1) leaves. An object B = (T, φ) has property A_v for v ∈ V if v ∈ φ(V (T )). Formulate the problem of counting branching walks as an IE-expression.

3. For X ⊆ V , what does the term | | | ⋂ u∈X Ā_i | | | represent? We will now evaluate this term.

For X ⊆ V , u ∈ V \X, 1 ≤ l ≤ n−1 and 1 ≤ q ≤ n−(c+1), define M_X (u, l, q) to be the set of all branching walks in G[V \ X] from u of length l and with q leaves. Also define m_X (u, l, q) := |M_X (u, l, q)|. Write down | | | ⋂ u∈X Ā_i | | | in terms of M_X (u, l, q).

4. What is m_X (u, 0, q)? For l ≥ 1, write down a recurrence for m_X (u, l, q).

Solution The connection with branching walks may be proved as follows:

Lemma 1 There exists a spanning tree of G with at least c internal vertices iff there exists a vertex s ∈ V and a branching walk B = (T, φ) from s of length |V | − 1 such that φ(V (T )) = V and T has at most |V | − (c + 1) leaves.

Proof. For the forward direction, let S = (V, T^′) be a spanning tree of G with at least c internal vertices. Root S at a leaf node s and arbitrarily order the vertices of S. Since the root is neither a leaf nor an internal vertex, the number of leaves in the rooted ordered tree S is at most n − (c + 1). Define φ: V (S) → V (S) to be the identity map. Clearly (S, φ) is a branching walk of G with the stated properties.

For the reverse direction, let B = (T, φ) be a branching walk such that φ(V (T )) = V and T has at most |V | − (c + 1) leaves. Note that φ is a one-one map in this case and that (φ(V (T )), φ(E(T ))) is actually a spanning tree of G with at most n − c leaves. The spanning tree (φ(V (T )), φ(E(T ))) might have one leaf more than T because the root of T might be of degree one. Hence the spanning tree (φ(V (T )), φ(E(T ))) has at least c internal vertices.

Now the objects in this setting are all branching walks B = (T, φ) of length n − 1 such that T has at most n − (c + 1) leaves. An object B = (T, φ) has property A_v for v ∈ V if v ∈ φ(V (T )). Therefore an object that satisfies properties A_v for all v ∈ V represents a spanning tree with at least c internal vertices. By IE,

|A_1 ∩ · · · ∩ A_n| = ∑ X⊆V (−1)^{|X|} | | | | | ⋂ u∈X Ā_i | | | | | . Now the term | | | ⋂ u∈X Ā_i | | | represents the number of branching walks B = (T, φ) of length n − 1 such that T has at most n − (c + 1) leaves and X ∩ φ(V (T )) = ∅. For X ⊆ V , u ∈ V \ X, 1 ≤ l ≤ n − 1 and 1 ≤ q ≤ n − (c + 1), define M_X (u, l, q) to be the set of all branching walks in G[V \ X] from u of length l and with q leaves. Also define m_X (u, l, q) := |M_X (u, l, q)|. Note that | | | | ⋂ i∈X Ā_i | | | | = ∑ u∈V \X

m_X (u, n − 1, n − (c + 1)). Now m_X (u, 0, q) = { 1 if q = 1. 0 if q ≥ 2.

For l ≥ 1,

m_X (u, l, q) = ∑ v∈N(u)\X ∑ l_1+l_2=l−1 ∑ q_1+q_2=q

m_x(u, l_1, q_1) · m_x(v, l_2, q_2).

To prove the above, it is sufficient to show that the map γ: ⋃ v∈N(u)\X ⋃ l_1,l_2 ⋃ q_1,q_2

M_X (u, l_1, q_1) × M_X (v, l_2, q_2) → M_X (u, l_1 + l_2 + 1, q_1 + q_2)

defined by γ((T_1, φ_1), (T_2, φ_2)) → (T_1 • T_2, φ_1 ∪ φ_2) is a bijection (where T_1 • T_2 and φ_1 ∪ φ_2 is as defined in class).

Homework Assignment H28 (10 Points) In the context of the Single Machine Scheduling problem, the total completion time of a schedule T_{π(1)}, . . . , T_{π(n)} is defined as time at which the last job T_{π(n)} finishes. Use Inclusion-Exclusion to obtain the minimum completion time of a feasible schedule.

Homework Assignment H29 (10 Points) Complete the solution of the Max Internal Spanning Tree problem by proving that the recurrence for m_X (u, l, q) is correct. Analyze the time and space complexity of evaluating m_X (u, l, q) for a fixed X ⊆ V and all u, l, q. What is the time and space complexity of the algorithm deciding Max Internal Spanning Tree?