Uniform Circuit s and Exclusiv e Read PRAMs

�

(Preliminary V ersion, January 1991)

Inga Niep el P eter Rossmanith

T e chnische Universit� at M � unchen, Institut f � ur Informatik,

Ar cisstr. 21, D-8000 M � unchen 2

Abstract

CRCW-PRAMs can b e characterized in terms of unb ounded fan-in circuits.

W e intro duce the notion of SELECT-gates. Combining this with the concept of

an unambiguous circuit we are able to give a circuit equiv alent of EREW-PRAMs,

thus answering an op en question of [SV84]. Moreover, circuits with SELECT-gates

characterize CRCW-, CREW-, ERCW-, and EREW-PRAMs in a uniform manner.

In tro duction

Parallel random access machines (PRAMs) and uniform circuit families are very im-

p ortant mo dels in parallel complexit y theory

. Other imp ortant mo dels are alternating

T uring machines and auxiliary pushdown automata (see e.g. [Ruz80, Co o85 ]). NC , the

class of e�cien tly parallel solv able problems, can b e characterized in terms of all these

mo dels.

F or the design of e�cien t parallel algorithms, PRAMs are the most favorite mo del,

while circuits are often used to achieve more theoretical results, such as lower b ounds

(see e.g. [Has86 ]). NC is in fact a hierarchy of classes that contains in particular AC k

,

classes that are again characterizable by several parallel mo dels including circuits and

PRAMs.

There are, however, di�erent p ossibilities to de�ne PRAMs. AC k

was characterized

by CRCW-PRAMs, i.e., PRAMs that allow b oth simultaneous read and write access to

memory cells [SV84]. On the other hand AC k

is also characterized in terms of unb ounded

fan-in circuits and alternation b ounded alternating T uring machines. The most favorite

PRAM mo dels are CREW-PRAMs (where concurrent writing is forbidden) and EREW-

PRAMs (where concurrent writing and reading is forbidden) [GR89, KR90 ]. Since no

characterizations of these PRAMs in terms of other mo dels were known, Sto ckmeyer and

�

This research was partially supp orted by the Deutsche F orschungsgemeinschaft, SFB 342, T eilpro-

jekt A4 \KLARA"

Vishkin p ointed out that it is an interesting problem to lo ok for such characterizations

and, furthermore, that a lack of such characterizations would imply that CRCW-PRAMs

are the only reasonable mo del after all.

Recently

, a circuit characterization of CREW-PRAMs could b e found by

Lange [Lan90 ]. These circuits are called unambiguous cir cuits and are based on the

idea of vulner able gates. Unambiguous circuits are comp osed of ordinary AND-, and

OR-gates of b ounded fan-in and additionally of vulnerable gates of unb ounded fan-in.

F or vulnerable OR-gates multiple 1-input is forbidden, while vulnerable AND-gates are

not allowed to receive multiple 0-input. The concept of unambiguous circuits seems to

b e fundamental, b ecause it proved to b e useful in the area of semi-unb ounded fan-in

parallelism, where it could b e used to �nd a circuit characterization for unambiguous

auxiliary pushdown automata (see [LR90 ]). Unfortunately

, EREW-PRAMs remained

isolated, in the sense that no characterizations for them were found.

In order to �nd a circuit characterization for EREW-PRAMs it is p ointed out in this

pap er that the simulation of unambiguous circuits of [Lan90 ] pro duces concurrent reads

only

, if the circuits have unb ounded fan-out. F or this reason we investigate b ounded

fan-out circuits which turn out to b e very restricted in their p ower, since they can b e

simulated by logarithmically space b ounded T uring machines, if their depth is O (log n).

In order to increase the p ower of b ounded fan-out circuits we invent a new gate that

computes the functions (x

i

^ y

j

) for two separate input vectors (x

i

) p(n)

i=1 and (x

i

) p(n)

i=1

, where

p is some p olynomial. With other words such a gate computes the matrix pro duct x � y

T

of the vector x and the transp os ed vector y .

(x

1

; : : : ; x

m

) �

0

B

B

@ y

1

.

.

.

y

m

1

C

C

A

=

0

B

B

@ z

11

� � � z

1m

.

.

.

.

.

.

z

1m

� � � z

mm

1

C

C

A

, m = p(n), z

ij

= x

i

^ y

j

Our main result is that unambiguous, b ounded fan-out circuits which are comp osed of

this new typ e of gate and AND-, OR-, and NOT-gates exactly characterize EREW-

PRAMs, thereby answering the op en question of [SV84].

W e also show that circuits comp osed of these gates can characterize PRAMs with all

p ossible combinations of concurrent and exclusiv e access restrictions if a uniform manner.

Preliminaries

In this pap er we consider two di�erent mo dels of parallel computation: PRAMs and

uniform circuit families. PRAMs were intro duced by F ortune and Wyllie [FW78] as a

parallel analogon of random access machines. A PRAM consists of in�nitely many RAMs

that have access to a shared global memory and work synchronously

. Many v ariants of

this mo del have b een considered in literature (see e.g. [SV84, Gol82 , Sni82]). The main

di�erence b etween these mo dels is the restriction of simultaneous read and write accesses

to global memory cells.

According to Snir a PRAM that allows b oth simultaneous read and write access to a

memory cell is called CRCW-PRAM (concurrent-read, concurrent-write PRAM). There

are several p ossibilities to solve write con icts: The COMMON-mo del requires all v alues

written simultaneously into some memory cell to b e equal, whereas in the PRIORITY-

mo del always the lowest numb ered pro cessor wins (see [KR90 ] and [CDHR89 ] for these

and other submo dels of CRCW-PRAMs). In CREW-PRAMs each memory cell must

receiv e a new v alue from at most one pro cessor at each time step, while simultaneous read

accesses are still allowed. Finally there are EREW-PRAMs that forbid b oth simultaneous

read and write access.

In addition to these classical mo dels even more restrictive memory access mecha-

nisms were considered: Dymond and Ruzzo intro duced CROW-PRAMs, a restriction of

CREW-PRAMs [DR86 ]. In CROW-PRAMs each memory cell is mapp ed to one pro-

cessor, its owner. Only this sp ecial pro cessor is allowed to write into this memory cell.

Analogously to this owner-write PRAM, also a owner-read restriction can b e de�ned

which leads to OROW-PRAMs that were investigated in [Ros91]. In OROW-PRAMs

each memory cell has a write-owner and a (p ossibly di�erent) read-owner. Only the

write-owner is allowed to write into and only the read-owner is allowed to read from a

memory cell.

W e will use a de�nition of PRAMs similar to [SV84]: Each PRAM has an unb ounded

global memory and in�nitely many pro cessors. Each pro cessor has an unb ounded lo cal

memory and an instruction counter. The program for each pro cessor must b e the same

and may consist of �nitely many instructions. The av ailable instruction set contains

add, subtract, division by two, jump, jump if zero, jump if greater than zero, assignment

of a constant to a lo cal memory cell, indirect reads and writes from (resp. into) the

global memory

, and halt. Additionally each pro cessor can read its numb er. Initially all

global and lo cal memory cells contain zero except the �rst n global memory cells that

contain each one bit of the input string and the �rst lo cal memory cell of each pro cessor,

which contains the input length n. The �rst p(n) pro cessors are started simultaneously

at the b eginning of their programs, where p(n) is some p olynomial. The de�nition we

use is not critical. Though there are many PRAM de�nitions that di�er in details (e.g.

[FW78, Sch80 , Gol82 , Sni82 , Vis83, FR

W84 , EG88 ]), the accepted classes of languages

are the same for resource b ounds considered in this pap er.

�

Subsequently we describ e some of the instructions of a PRAM. Herein, L

i stands for

a lo cal memory cell and G

a for a global memory cell.

L

i

:= c onst Assignment of a constant to lo cal memory cell i

L

i

:= L

i

0 + L

i

00 Addition of contents of lo cal memory cells i and i

0

, and as-

signment of the result to lo cal memory cell a

L

i

:= L

i

0 � L

i

00 Subtraction

L

i

:= L

i

0 ^ L

i

00 bitwise AND

�

Of course, this is only true, if di�erences in the restrictions of read and write access are not taken

into account.

L

i

:= L

i

0 _ L

i

00 bitwise OR

goto k Continue next step in program line k

goto k if L

i

> 0 Continue next step in program line k , if lo cal memory cell i

contains a p ositive v alue

G

L

i

:= L

i

0 Indirect memory write: The contents of lo cal memory cell i

0

is copied to the global memory cell whose address is in lo cal

memory cell i.

L

i

:= G

L

i

0

Indirect memory read: The contents of global memory cell

whose address is contained in lo cal memory cell i

0

is copied

into lo cal memory cell i.

Though this is not a minimal instruction set, it is only a small subset of instruction

sets normally chosen. However, all further, reasonable instructions can b e simulated

without timeloss using this subset except the HAL

T instruction. Instead of using a

HAL T instruction, we de�ne that all pro cessors halt after a �xed p erio d of running time,

which again preserves generality

. An input word is accepted, if the �rst global memory

cell contains a non-zero v alue.

Since we want to use the unit-cost criterion for counting running times (see [Par87 ]),

all v alues in global and lo cal memory cells must b e b ounded by some p olynomial (a

PRAM mo del ful�lling this restriction is called unit-cost mo del in [Hag90]). This is no

restriction for O (log n) time b ounded PRAMs, but it will b e crucial for the simulation

of PRAMs with ! (log n) running time by circuits. W e denote the class of languages

accepted by XR

YW-PRAMs, X ; Y 2 fC ; E ; O g, in time O (log k

n) using p olynomially

many pro cessors by XR YW k

.

The second parallel mo del we are particularly interested in are uniform circuit fam-

ilies. W e assume the reader to b e familiar with traditional circuit classes, in particular

NC k

and AC k

, with or without oracle no des (see [Co o85 ] for a survey on these classes).

Throughout the pap er we assume all circuits to b e log-space uniform, the uniformity

condition which is called U

B C

-uniform in [Ruz81].

Our main concern in this pap er is to �nd a circuit characterization of EREW-PRAMs.

The �rst mutual simulation b etween PRAMs and circuits was given by Sto ckmeyer

and Vishkin in [SV84]. They showed equiv alence of size and depth b ounded circuits of

unb ounded fan-in and CRCW-PRAMs:

Theorem 1 [SV84] AC k

= CRCW k

.

At the same time, Sto ckmeyer and Vishkin p osed the question whether there also exist

circuit characterizations of CREW-, and EREW-PRAMs. A lack of such characteriza-

tions would imply that CRCW-PRAMs might b e the only reasonable PRAM mo del.

Recently

, a circuit characterization of CREW-PRAMs could b e found by Lange [Lan90 ].

These circuits are called unambiguous. Unambiguous circuits have restrictions similar to

the exclusiv e-write restriction of CREW-PRAMs.

De�nition 2 UnambAC k

consists of all languages which are accepted by some un-

b ounded fan-in circuit C of p olynomial size that ful�lls the following restrictions for

all p ossible inputs: No unb ounded fan-in OR-gate receives multiple 1-input from its pre-

decessors and no unb ounded fan-in AND-gate receiv es more than one 0. Note that this

restriction do es not apply to gates with fan-in two.

This new class of circuits characterizes exactly CREW-PRAMs.

Theorem 3 UnambAC k

= CREW k

.

In fact, only UnambAC

1

= CREW

1

was shown in [Lan90 ]. It is p ossible to extend this

result to UnambAC k

= CREW k

, if a PRAM mo del is used which ob eys the reasonable

restriction that all v alues are p olynomially b ounded. The result of Sto ckmeyer and

Vishkin in [SV84] may b e interpreted that this is no restriction for CRCW-PRAMs.

Unfortunately

, the metho d relies on the p ossibility of concurrent memory access and is

not extendable to PRAMs with exclusive-access restrictions.

Also we assume all circuits to b e leveled throughout this pap er. A circuit is called

leveled (or layered) if all gates can b e arranged in levels such that all gates of level i

are only connected to gates in level i � 1. This restriction is necessary for the pro of of

Theorem 3 in [Lan90 ].

Since CREW-PRAMs can b e characterized by circuits in which every gate must

receiv e at most one \active v alue", we can try to use a similar idea to mo del exclusive

read restrictions of PRAMs with circuits. A �rst idea is to use only circuits of b ounde d

fan-out. In such circuits the output of a gate is forwarded to a constant numb er of other

gates. Unambiguous circuits of b ounded fan-out can indeed b e simulated by CREW-

PRAMs since a careful insp ection of the pro of of Theorem 3 shows that concurrent reads

o ccur only in the case of unb ounded fan-out: Pro cessors are assigned to wires of a circuit

and these pro cessors read from the memory cell \at the b eginning of the wire". In order

to avoid concurrent reads these reads can b e sequentialized what is only p ossible if the

numb er of wires is b ounded by some constant. Without loss of generality we will assume

that b ounded fan-out circuit actually have a fan-out of only two.

De�nition 4 The classes NC k

b

, UnambAC k

b

, and AC k

b contain all languages recognized

by NC k

, UnambAC k

, and AC k

circuits, resp ectively

, which have b ounded fan-out.

One question arising in this context is whether circuits of unb ounded fan-out and

circuits of b ounded fan-out are equiv alent. This could only b e shown for NC k

-circuits

by now.

Prop osition 5 [HKP84] NC k

b

= NC k

.

It seems very unlikely that Prop osition 5 also holds for unb ounded fan-in circuits,

since we can show that AC k

b is actually contained in LOGSP

ACE . If AC k

b and AC k

co-

incide, this implies that in fact AC

1

equals LOGSP

ACE . This follows immediately from

the next prop os ition and the fact that LOGSP

ACE is contained in AC

1

(cf. [Sud78 ])..

Prop osition 6 AC

b

� LOGSP

ACE .

Pro of. A path from the output gate of an AC

1

b

-circuit to some gate g can b e represented

by O (log n) bits. This representation consists of a description of the gate g itself and

a string w 2 fL; Rg

�

of length O (log n). This string describ es how to follow the path

from g to the ro ot by telling whether the next gate on the path is the left or right

predecessor. It su�ces to distinguish b etween left and right predecessor b ecause the

circuit has fan-out two.

T o store a whole path on its work tap e enables a log space b ounded T uring machine

to do a depth-�rst search through the circuit b eginning at its output gate. During this

traversal it can b e determined whether the circuit accepts. 2

But probably

, the technique of [HKP84] applies to show AC k

b

= NC k

.

The Main Result

W e cannot �nd a circuit characterization for EREW-PRAMs by simply restricting all

gates to have b ounde d fan-out due to Prop osition 6. But this is not surprising, since

the exclusiv e write restriction could neither b e mo deled by claiming b ounde d fan-in. T o

characterize CREW-PRAMs, fan-in was allowed to stay unb ounded and only the numb er

of ones an OR-gate receives, was restricted. T o characterize EREW-PRAMs we have to

�nd a similar restriction for the output of a gate. A v alue b eing emitted by an output of a

gate reaches all gates that are connected to this output. This numb er has to b e arbitrary

high, since we want many p otential recipien ts, just as it is the case for an EREW-PRAM.

On the other hand, only one gate must actual ly receiv e the output. W e can mo deled

this b ehavior by destroying an asymmetry b etween inputs and outputs of gates: There

is only one output, but many inputs. If we allow a gate to have many outputs and

claim that only one of them may emit a 1, we have p otentially many recipients, but

only one that actually receives this 1. Of course, each output must individually have

b ounded fan-out. In contrast to EREW-PRAMs, where only one pro cessor may read

from a memory cell, we actually allow c onstantly many recipien ts and therefor constant

fan-out. This is reasonable b ecause a circuit where and gates have fan-out one cannot

distribute any information at all.

W e claimed only one active output for each gate, but did not say how it is determined

which one will b e active. In an EREW-PRAM the machine itself computed which

pro cessor reads from each memory cell. Similarly

, in UnambAC k

circuits, which are

equiv alent to CREW-PRAMs, the circuit itself has determined for each input of an OR-

gate, if it receives a one. Our multi-output gates b ehave similarly

, if we equip them with

additional inputs. These inputs receiv e the numb er of the active output. Consequently

we need gates with a group of outputs and two gr oups of inputs, one group of inputs

receiv es the actual input from which the output value is computed, while the other group

receiv es information on which output this v alue app ears.

y

i y

2 y

1

Z

i

Z

2

Z

1

X

� � �

� � �

� � �

� � �

Figure 1: Design of new gate that distributes information

_ ^ 9 8 (i; jFigure 2: Av ailable The circuit characterization of EREW-PRAMs will b e obtained by UnambAcircuits that additionally contain such multi-output gates. Since a lot of can already b e p erformed by UnambA-circuits itself,it su�ces to add only one sp typ e of these new gates. W e will design a new gate that is able to distribute tion to one of many p ossible recipients. The \information" is co ded unary as a word 1 0

= f1; 10; 100; : : : g and is received by a group of inputs X and forwarded to one group Z

of outputs (see Figure 1). The output group that receiv es X is by additional inputs y

. If y

receives a 1, Z

is the group of outputs that receives X All other output groups Z

; k : = i will b e set to zero es. Note that X consists in fact many inputs x

and Z

of many outputs z

. Actually there is no real di�erence b etwinputs x

and y

since a simple analysis shows z

= 1 ( ) x

= 1 ^ y

= 1. quently we will resp ect this symmetry also in �gures that illustrate circuit by a symmetric drawing in contrast to Figure 1. While AND-, OR-, and NOT-gates drawn as circles containing appropriate symb ols (we distinguish gates of b ounded unb ounded) fan-in by using ^, _, and : (resp. 8 and 9), the new gates are drawn triangles with outputs on top and the two groups of inputs on the left and right (see Figure These gates are called SELECT-g ates and have two groups of inputs x

; : : : ; x

, y

; : : : ; y

, and one group of outputs. The outputs are denoted by (x

; y

), 1 � i; j m. A SELECT- gate computes functions (x

; y

) = x

^ y

. Since we mainly 7 unambiguous circuits, we require that for every SELECT- gate x

= 1 (resp. y

= holds for at most one i (resp. one j ). This automatically guarantees that only output carries a Note that the two groups of inputs are indep endently regarded when de�ning biguity

. Since each group of inputs may individually receivea one, a SELECT-g ate maactually receivetwo ones in an unambiguous circuit.

The numb er of inputs m for a SELECT-ga te is a p olynomial in n, the numb er inputs to the circuit,so SELECT-g ates build up a family of circuits. F ormally gates in a circuit are handled as oracle-no des as de�ned in [Co o85 ]. The function puted by SELECT-ga tes is called De�nition 7 The class UnambA(SEL) consists of all languages which are by some unambiguous unb ounded fan-in, b ounded fan-out uniform circuit family whiccontains additional SELECT- Lemma 8 UnambA(SEL) � Pro of. The basic idea of the simulation is the same as in [SV84]. Using the uniformitof a given circuit, we �rst assign one pro cessor to each wire and one memory cell to eacOR-, AND-, and NOT-gate. SELECT-ga tes will b e treated di�erently

. The memory that are assigned to gates initially have all v alue 0, except the memory cells to AND-gates which are preassigned to one. Additionally

, there is one memory cell each bit of the input of the circuit.A pro cessor assigned to a wire leading from g

to g

do es the following. First, it waits for some time prop ortiona lly to the b etween gate g

and the inputs of the circuit. This distance is easily determined since wclaimed all circuits to b e leveled. After this time has elapsed, the pro cessor can b e that the memory cell assigned to g

contains the correct v alue for g

., Now the pro reads that v alue and pro ceeds according to the typ e of g

. If g

is a NOT-gate, the v is negated and written into the memory cell assigned to g

. If g

is some OR-gate AND-gate, the v alue is simple copied into g

’s memory cell, however,in the case of OR-gate only if the v alue is 1 and in the case of an AND-gate only if the v alue is 0. simulating PRAM is clearly exclusive-write since AND-gates receive at most one 0 OR-gates at most one 1. It is also owner-read. Each memory cell has two read-odue to fan-out two of the circuit, but this can b e easy changed to only one read-o(see also [Ros91 The more interesting part of the simulation is the handling of SELECT-ga tes. again, we assign a memory cell to e ach output of the SELECT-g ate and, additionally one to e ach input. There are two additional memory cells L and R. Memory cell L contain the numb er of the input on the left side which receiv es a 1, and R will conthe same numb er for the right side. F or each gate we also need additional pro l

; : : : ; l

, r

; : : : ; r

, and w . Pro cessor l

reads from the i left-hand input. If it a 1, it subsequently writes the numb er i into memory cell L. Pro cessors r

; : : : ; r

do same for the right inputs and memory cell R. After b oth L and R contain the numb 8 r

l

(i; j Figure 3: Simulation of SELECT-g of active inputs, pro cessor w reads these numb ers from L and R and computes whicoutput has to b ecome 1. T o compute the address of the memory cell, where it has write a 1, the pro cessor has to do a multiplication. W e can assume that an PRAM can do multiplication of p olynomial ly b ounde d values without loss of generality .

One p ossibility is to use table lo ok-up. In Figure 3 the ab ove simulation is using circles for memory cells and squares for pro Since the left and right side of each SELECT-g ate receive at most one 1 each, it again clear that this simulation is OREW. Finally

, we have to state how the simof AND-, OR-, and NOT-gates works together with the simulation of SELECT-ga A pro cessor assigned to a wire that leads to an input of a SELECT- gate simply has copy the v alue it reads to the memory cell assigned to the input of the SELECT-ga te. Lemma 9 � UnambA(SEL)Pro of. Dymond and Ruzzo describ ed the b ehavior of a CROW-PRAM by mrecursivefunctions in [DR86 ]. These functions can b e ev aluated by a deterministic

auxiliary pushdown automaton. A similar technique was used in [Lan90 ] to describ CREW-PRAMs. In contrast to [DR86 ], here predicates describing the b ehavior of CREW-PRAM are ev aluated by UnambAC -circuits rather than AuxPDAs. In case EREW-PRAMs we can again de�ne an appropriate set of mutually recursive hGLOBAL(t; a); bi Global memory cell a contains v alue b in step 9

G -EX (t; aG -NOT (t; ahGLOBAL

(t; a); bi hGLOBAL(t + 1; a);bG -SEL(t; ahWRITE (t; a); bhWRITE (t; a); cFigure 4: Construction of hGLOBAL(t + 1; a); bhLOCAL(p; t; i); ai Lo cal memory cell i of pro cessor p contains v alue a in step hADD (p; t; i); ai Pro cessor p p erforms an add instruction in step i resulting v alue a, which is written into lo cal memory cell hST A TE (p; t); j i Pro cessor p p erforms instruction of program line j in step hREAD (p; t; i); ai Pro cessor p reads v alue a from global memory and writes into lo cal memory cellhWRITE (t; a); bi V alue b is written into global memory cell a in step T o make the subsequent construction as transparent as p ossible, we will use following denotations: The letter t always denotes a time step, p denotes a pro numb er, i, i

, and i denote lo cal memory addresses, j and k are program lines, a, b, and c denote arithmetic v alues or global memory addresses. Since we have to arithmetic computations with global memory addresses, it is not p ossible to b etween the latter twGiven an EREW-PRAM that uses p olynomially many pro cessors and n we can determine whether it accepts or rejects some input word w , if we know the predicate hGLOBAL(n; 0); 1i is true. W e will construct an UnambA(SELcircuit that computes exactly this predicate. The circuit contains gates for each p predicate given ab ove and some additional gates to recursively compute their v

The interconnection of gate hGLOBAL(t + 1; a); bi is shown in Figure 4. The gate is an OR-gate with two inputs. This corresp onds to two reasons why global 10 cell a contains v alue b in step t + 1: One p ossibility is, that some pro cessor wrote v alue into cell a in step t. This corresp onds to gate hWRITE (t; a); bi, which is one of hGLOBAL(t + 1; a); bi. The other p ossibility is, that nob o dy wrote into cell a in step t and cell a already contained v alue b in step t. Therefore the input of hGLOBAL(t + 1; a); bi is connected to the b output of G -SEL(t; a). G -SEL(t; a) is a select gate, its b output is one, if and only if hGLOBAL(t; a); bi hG - NOT (t; a)i are one. hGLO B AL(t; a); bi means that memory cell a already conv alue b in step t, and G -NOT (t; a) means that nob o dy wrote into global memory cell in step t. G - NOT (t; a) computes the complement of G - EX (t; a), so G - EX (t; a) has compute whether someb o dy wrote some v alue c into cell a in step t. If this happ ens, hWRITE (t; a); ci is true and G - EX (t; a) receives a one from By now, we only proved the correct b ehavior of the hGLOBAL (t + 1; a); bi-sub circuit.

There still has to b e shown unambiguity and b ounded fan-out of involved gates: ambiguity has only to b e checked for two gates having unb ounded fan-in. At �rst is G -EX (t; a), which is an OR-gate and receives v alues from hW RI T E (t; a); ci for p ossible c. Since in an EREW-PRAM only one pro cessor is allowed to write into ory cell a in step t, consequently there exists at most one v alue c that is written init and unambiguity of G - EX (t; a) is assured. Second, there are the left-hand inputs G -SEL(t; a). Here unambiguity can b e shown very easily

, to o. At its left side G - SEL(t; areceiv es inputs from hGLO B AL(t; a); bi for all b, but since memory cell a can cononly one v alue b, at most one of these inputs can carry a one. At last, we observe that claim for b ounded fan-out is also ful�lled.One has only to check whether the of all gates involv ed in Figure 4 lead only to constantly many inputs of other gates. the case of hGLOBAL(t + 1; a); bi we have only fan-out two by now (hWRITE (t; a); bleads to b oth hGLOBAL(t + 1; a); bi and to b input of G - EX (t; a), all other gates havonly fan-out one in Figure 4). Of course, some of these gates also app ear in folloconstructions and consequently fan-outs will sum up. Since there is a �xed numb er constructions, the actual fan-out is still constanIn the case of hRE AD (p ; t; i); ai the construction will b e signi�cantly more cated. Its interconnection is shown in Figure 5. hREAD (p; t; i); ai computes whether cessor p reads v alue a from global memory into its lo cal memory cell i in step t. This only b e the case, if pro cessor p carries out a read instruction in step t. hREAD (p; t; i); ais itself an OR-gate whose inputs corresp ond to program lines of the �xed PRAM gram. So hREAD (p; t; i); ai receiv es a 1 from its input, if p reads a into lo cal cell i while executing the instruction in program line j . This is only p ossible if line j contains a read instruction of the form L

:= G

L

i

, with some arbitrary i

. If j not of this shap e, the j th input of hREAD (p; t; i); ai is simply left out. In Figure 5 is illustrated by \[j : L

:= G

L

i

]". This means: \Include this wire only

, if program line contains L

:= G

L

i

. In general \[: : : ]" next to a wire means \include this wire only

, : : : Let us assume program line j contains in fact an instruction L

:= G

L

i

. the input of hREAD (p; t; i); ai is connected to a output of R1 -SEL(p; t; j Since R1 -SEL(p; t; j ) is an SELECT-g ate and its a left-hand input is 11

R - EX (p; t; j; a[j : L

:= G

L

i hGLOBAL(t; b);a[p = r e ad -owner (bhST A TE (p; t); j i

R1 -SEL(p; t; j R2 - SEL(p; t; j; bhLOCAL

(p; t; i

0

); bhREAD (p; t; i); a[j : L

:= G

L

i

Figure 5: Construction of hREAD (p; t; i); ato R -EX (p; t; j; a), the a output of R1 -SEL(p; t; j ) is in fact a conjunction R -EX (p; t; j; a) and hST A TE (p; t); j i. R -EX (p; t; j; a) means pro cessor p reads v alue from global memory and writes it into some lo cal memory cell,if j is the line b eing executed. hST A TE (p; t); j i means "j is the program line b eing executed" bpro cessor p in step t. R -EX (p; t; j; a) is an unb ounded fan-in OR-gate whose corresp ond to global memory cells from where the v alue a is fetched.So the b of R -EX (p; t; j; a), which is connected to a output of R2 -SEL(p; t; j; b), manages case of reading v alue a from global memory cell b and writing it into lo cal memory cellby the instruction L

:= G

L

i in program line j . F or this, two conditions have to b met: Lo cal memory cell i must contain v alue b and global memory cell b must conv alue a. This is exactly what output a of R2 -SEL(p; t; j; b) computes, which is e�ectivela conjunction of hLOCAL(p; t; i

); bi and hGLOBAL(t; b); aiAgain we have to check, whether all involv ed gates have b ounded fan-out. F or gates, this is as easy as for the hGLOBAL(t + 1; a); bi construction, but it is a 12 more complicated for hGLOBAL(t; b); ai and hLOCAL(p; t; i

); bi. hGLOBAL(t; b); ai connected to a left input of all R2 -SEL(p; t; j; b), for all j and all p, with p = r e ad owner (b). Since there is only one p with p = r e ad -owner (b), hGLOBAL(t; b); ai is nected to as many R2 -SEL(p; t; j; b) gates as program lines j exist. This numb er constant, since the program size is always constant. Also, fan-out of hLOCAL(p; t; i

); bis b ounded by the program length for the same A circuit is only correct, if only one wire leads to each input. W e must b e vcareful to ful�ll this claim everywherein our construction, to o. However, in most it is obvious that this prop erty holds. In Figure 5 it is not so obvious for the right input R2 -SEL(p; t; j; b), since this input is connected to hLOCAL(p; t; i

); bi with arbitrary i

But this connection do es exist only

, if program line j is of shap e L

:= G

L

i

, with arbitrary i. So i is a function of j in this case and actually only one wire reacthe right input of R2 -SEL(p; t; j; b). Unambiguity is clear for R2 -SEL(p; t; j; b) R -EX (p; t; j; a). R1 -SEL(p; t; j ) is also unambiguous, since pro cessor p can read at one v alue a from global memory in step t, if we assume it executes some �xed line j The next construction we examine, is the interconnection of hWRITE (t; a); bi, whicis depicted in Figure 6. hWRITE (t; a); bi means v alue b is written into global ory cell a in step t. This is the case if and only if some pro cessor p do es this access. hWRITE (t; a); bi is an unb ounded fan-in OR-gate, whose inputs corresp ond pro cessors in charge for this write access. Input p of hWRITE (t; a); bi is connected W -OR (p; t; a; b). W -OR (p; t; a; b) means pro cessor p writes v alue b into cell a in step tits input is connected to (a; b) output of W1 -SEL(p; t; j ). This output the conjunction of hST A TE (p; t); j i and (a; b) output of W2 -SEL(p; t; j ). The checks whether pro cessor p really executes program line j in step t, while the latter vi�es whether lo cal memory cell i contains b and lo cal memory cell i contains a. this computation must only b e v alid, when program line j is executed and this line contains the instruction G

L

:= L

i

, the (a; b) output of W2 -SEL(p; t; j ) b ehavcorrectly

.A careful insp ection shows that all gates in Figure 6 are unambiguous have b ounded The interconnection of hADD (p; t; i); ai is shown in Figure 7. hADD (p; t; i); ai putes, whether pro cessor p writes v alue a into lo cal memory cell i as a result of an instruction executed in step t. This happ ens if and only if an instruction L

:= L

i

+ L

i is executed and lo cal memory cells i and i b elonging to this instruction contain v that yield a when added. F or an instruction j : L

:= L

i

+ L

i gate A- EX (p; t; j; acomputes, whether v alues of cells i and i sum up to a. This is done by a of all p ossible combinations of (b; c) with b + c = a. Output (b; c) of A2 -SEL(p; t; j means cell i contains b and cell i contains c. At last, it has to b e checked,whether program line j is really executed in step t, what is done by A1 -SEL(p; t; j ) together hST A TE (p; t); j i. All we have �nally to do, is to combine this for all p ossible lines by an OR-gate to get hADD (p; t; i); aiThere are two predicates left for which we have to give circuit LOCAL(p; t; i); a > and hST A TE (p; t); j i. The construction of hLOCAL(p; t; i); ai 13

[j : G

L

:= L

i

[j : G

L

:= L

i

[j : G

L

:= L

i hWRITE (t; a); bW -OR (p; t; a;b)

(a; bhLOCAL

(p; t; i);aW2 - SEL(p; t; j W1 - SEL(p; t; j )

hST A TE (p; t); j(a; b(a; bhLOCAL(p; t; i

); bFigure 6: Construction of hWRITE (t; a); billustrated in Figure 8, it works just likethe construction of hGLOBAL(t; a); biThe construction of hST A TE (p; t); j i is given in Figure 9. hST A TE (p; t); j i that pro cessor p executes the instruction of its program in step t + 1 or alternativelthat its instruction counter contains the v alue j . Obviously there are four p for this to happ 1. In step t instruction j � 1 was executed which is no jump 2. In step t instruction j � 1 was executed which is a conditional jump but the jump is not p erformed since the appropriate condition is not 3. In step t an instruction \goto j " in program line k was 4. In step t an instruction \goto j if L

� 0" in line k was executed and the L

� 0 was 14

[b + c = a[j : L

:= L

i

+ L

i

] [j : L

:= L

i

+ L

i

A-EX (p; t; j; a)

(b; chLOCAL(p; t; i

0

); bhST

ATE (p; t); j (b; cA1 -SEL(p; t; j R2 - SEL(p; t; jhLOCAL(p; t; i

00

); chADD (p; t; i);a[j : L

:= L

i

+ L

i

Figure 7: Construction of hADD (p; t; i); aThese four p ossibilities are computed by the four gates hST A TE (p; t); j i, S1 -EX (p; t; j S1 -OR (p; t; j ), and S2 - OR (p; t; j ) which are disjuncted in order to hST A TE (p; t); j � 1i. T o prove our main result we need only one more prop osition, the equiv alence EREW- and Prop osition 10 [Ros91 ] = Pro of. An exclusiveread can b e simulated by owner read and exclusiv e write as folloW e assign one extra pro cessor to each memory cell.This pro cessor b ecomes the owner of that memory cell. If some pro cessor wants to know the contents of a cell it sends simply a question to the read-owner of that cell. The read-owner reads v alue and forwards it to the pro cessor who asked for it. 15

L-OR (p; t; i;c)

Subtract, Shift, : : :

hLOCAL(p; t; i);ahLOCAL

(p; t + 1; i);aL-SEL(p; t; i: L-NOT (p; t; i)

L-EX (p; t; ihREAD (p; t; i);ci hADD (p; t; i);ci hREAD (p; t; i);ai

Subtract, Shift, : : :

L-OR (p; t; i; a)

hADD (p; t; i); ai

Figure 8: Construction of hLOCAL(p; t; i); aF rom Lemma 9 and 8 and Prop osition 10 our main result folloTheorem 11 UnambA(SEL) = Other Applications of SELECT-Circuit The presence of SELECT- gates makes a great di�erence for A-circuits. While Ais contained in LOGSP

ACE , A(SEL) contains UnambA(SEL) which is alent to . Each SELECT-ga te is indeed a sp ecial -circuit. However,the prop osition makes clear that a general oracle is a lot more p owerful than SEL oracle no Prop osition 12 A() = UnambA() = UnambAPro of. oracles can give any circuit arbitrary fan-out. 16

*Program j � 1 contains jump [�[a � [k : goto j if L

� [k : goto j j � 1 : goto k if L

� [a < 0 hST A TE(p; t); j + 1hST A TE (p; t); j i

hST A TE (p; t); k S -AND (p; t; j; k hST A TE (p; t); kS1 - OR (p; t; j )_ S2 -OR (p; t; jS1 -EX (p; t; j � hLOCAL

(p; t; i); ahLOCAL

(p; t; i); aS2 -EX (p; t; j; k Figure 9: Construction of hST A TE (p; t); j + 1Of course, neither SELECT-g ates nor -oracles are of any use for circuits already may have unb ounded Prop osition 13 A= A(S E L) = A()UnambA= UnambA(S E L) = UnambA()Corollary 14 UnambA(SEL) = Pro of. This corollary immediately follows from Theorem 3 and Prop osition 13. alternative pro of arises by using the simulations of Lemma 8 and 9 with the slighmo di�cation that the restriction [p = r e ad -owner (b)] is dropp ed in the construction hREAD (p; t; i); ai (see Figure 5). Though we just considered the class A(SEL), it is not clear what a gate computes in a circuit that is not unambiguous. In such a circuit it is allowed SELECT-ga tes receive an arbitrary high numb er of ones. Nevertheless, we claim only one output b ecomes one. In contrast to the unambiguous case, where this wguaranteed by the fact that each input group receiv es at most one 1, it is more to decide which output b ecomes one. This is a similar di�cult y as concurrent in PRAMs. W e adopt the three ma jor mo dels of solution of write con icts in CRPRAMs for SELECT-ga tes: PRIORITY, ARBITRAR

Y, and COMMON. In the case 17

A(PRIORITY -SEL) the output of some SELECT- gate is determined as follows: put (i; j ) b ecomes one if and only if i is the lowest numb ered left hand input that receiv a one and j is the lowest numb ered right hand input that receives a one, or, with words, the lexicographical smallest (i; j ) wins.. In the case of A(ARBITRAR

Y -SELcircuits, some arbitrary output (i; j ) b ecomes one for which holds that the i left and right inputs of an SELECT-gate receive ones. As for ARBITRAR

Y CRCW-PRAMs acceptance or rejection of all inputs w must not dep end on the selection of the output any SELECT-g ate. Finally

,for A(COMMON - SEL)-circuits we claim the same tion for SELECT-g ates as in UnambA(SEL), i.e., at most one left and one right must receivea one. This means that A(ARBITRAR

Y - SEL)- and UnambA(SELcircuits di�er only for AND- and OR-gates. While in UnambA(SEL)-circuits all are required to b e vulnerable, in A(COMMON -SEL)-circuits this restriction only plies for SELECT-ga If we consider CRCW-PRAMs with p olynomially many pro cessors and O (ntime b ound, the three mo dels PRIORITY, COMMON, and ARBITRAR

Yaccept same classes of languages. However, this do es not seem to b e the case for ERPRAMs, since b oth concurrent reads and concurrent writes play a crucial role in simulations b etween these three mo dels (see [KR90]). Also, the three di�erent mo dels not seem to coincide for A(SEL)-circuits and indeed we can prove equalities b etwthe corresp onding circuit and PRAM Theorem A(PRIORITY -SEL) = PRIORITY - ERCW

A(ARBITRAR

Y -SEL) = ARBITRAR

Y - ERA(COMMON -SEL) = COMMON - ERPro of. \�" W e can use the same metho d as it was used to prove Lemma 8. OR-, and NOT-gates can b e simulated using COMMON-ERCW PRAMs in all since all pro cessors involved in the simulation of AND-gates only zeros are A careful insp ection shows that we can also adopt the simulation of SELECT- without changes. In the PRIORITY case we just have to guarantee that the priority pro cessors l

and r

grows monotonically (see Figure \�" W e will deal separately with the three cases PRIORITY, ARBITRAR Y,

and COMMON. If we use the construction of Lemma 9 to simulate a ERCW PRAM, hWRITE (t; a); bi are the only gates the resulting circuit is clearly A(COMMON - SEL) circuit.The case of ARBITRAR

Y-ERCW PRAM is more plicated. Now G -EX (t; a) is not vulnerable, since di�erent v alues c can b e simwritten into global memory cell a (see Figure 4). Again this do es not matter b OR-gates are not required to b e vulnerable. A greater problem is that the do es not work correctly any more. If two di�erent v alues b and c are written into cell a in step t, b oth gates hGLOBAL(t + 1; a); bi and hGLOBAL(t + 1; a); ci ev aluate one. This is not correct since memory cell a can contain only one v alue. W e can solvthis problem by using a small mo di�cation of the construction of hWRITE (t; a); bi. 18

(ARBITRAR

(old) hWRITE (t; a); bhWRITE (t; a); bi

W3 - SEL(t; aFigure 10: Revised construction of hWRITE (t; a); bi for ARBITRARY-ERCW multiple v alues b are written into memory cell a, W3 -SEL(t; a) selects arbitrarily one In the case of PRIORITY-ERCW PRAMs this new construction do es not help, we could only select the smallest v alue written into cell a, but we have to select v alue written by the pro cessor with the smallest numb er. Again this can b e achiev by a revised construction of hWRITE (t; a); bi. Gate W -OR (p; t; a; b) computes pro cessor p tries to write v alue b into global memory cell a in step t (see Figure 6). W use an additional SELECT-ga te W3 -SEL(t; a) to select for �xed t and a the pair (p; bwith following prop 1. W - OR (p; t; a; b) ev aluates to one, i.e.,pro cessor p actually tries to write v alue b2. (p; t) is the pair with minimal p that ful�lls claim The resulting revised construction of hWRITE (t; a); bi is illustrated in Figure 11. All circuit constructions considered by now contained SELECT-g ates where one input of the right inputs was used. In the pro of of Lemma 9 general gates, that need all their inputs, were used only at two places: In the construction hWRITE (t; a); bi (cf. Figure 6) and in the construction of hADD (p; t; i); ai (cf. Figure In this context the question arises whether simple SELECT-ga tes (i.e., SELECT- that have only one input at their right side) are su�cient for the simulation of Lemma or if general SELECT-ga tes are necessary

. The next theorem shows that SELECT-ga tes are indeed necessary for the simulation, unless = LOGSP

ACE W e denote the class of languages recognized by A-circuits that contain only such simple SELECT-ga tes by A(SEL

Theorem 16 A() � LOGSP

ACE 19

W3 - SEL(t; a(p; b(p; bhWRITE (t; a); bW -OR (p; t; a; b[j : G

L

:= L

i

Figure 11: Revised construction of hWRITE (t; a); bi for PRIORITY-ERCW Pro of. W e p erform again a depth-�rst traversal through the circuit. In contrast to pro of of Lemma 6, it is not p ossible to describ e paths in the circuit in the same way

However, it it p ossible if the path do es not contain an edge that leads to the right input of some SEL

-gate. Again the description consists of some gate g (including output numb er case of SEL

-gates) and a string w 2 fL; Rg

. The path b egins at gate and is continued by cho osing the left or right parent of the current no de according the symb ols in w . F or instance, if some edge in the path leads to the i left hand of some SEL

-gate h and the corresp onding symb ol in w is L, then the next edge is left edge of i output of hBy now we have no description of paths that lead through right hand inputs of SEL

gates. Such a description do es not seem to b e p ossible with O (log n) space. However,

it is su�cient to describ e only a subset of all p ossible paths that contain right inputs SEL

-gates: If some edge on the path leads to the right hand input of some SEL

-gate hthe next edge on the path is the left or right edge (according to w ) of the i of h, where i is the (uniquely determined) output of h that ev aluates to one. An of such a description is contained in Figure 12. Note that these descriptions need O (log n) A log space machine can do a sp ecial traversal through A(SEL

)-circuits whichas two imp ortant prop 20

(g )RLRR

Figure 1. The traversal starts from the ro ot and go es along paths for which short 2. During the traversal it can b e computed whether the circuit The traversal is recursively de�ned: The v alue of AND-, OR-, and NOT-gates is mined by computing recursively the v alues of as many predecessors as necessary . v alue of the i output of a SEL

-gate h is computed as follows. First, the v alue of i output of h is computed. If this v alue is zero, then the i output of h is also If, however, the i input of h is one, then the v alue x of the right input of h recursively computed. Once the v alue x is known, we know the v alue of the i to o, since it is also x. However,since there is not enough space to store the numb er iwe have to recompute the numb er i by checking all left hand inputs of h until we that the i left input receiv es a one. While doing this, the log space machine is able rememb er x, since this requires only constant space. Ac kno wledgmen t W e like to thank Birgit Jenner and Klaus-J� orn Lange for manfruitful [CDHR89] B. S. Chlebus, K. Diks, T. Hagerup, and T. Radzig. New simulations b etwCRCW PRAMs. In F undamentals of Computation The ory, pages 95{105 Springer, August 21

[Co o85] S. A. Co ok. A taxonomy of problems with fast parallel algorithms. tion and Contr ol, 64:2{22, [DR86] P

. Dymond and W. L. Ruzzo. Parallel RAMs with owned global memory deterministic language recognition. In Pr o c. of 13th International Col lo on Automata, L anguages and Pr o gr amming, numb er 226 in Lecture Notes Computer Science, pages 95{104. Springer, [EG88] D. Eppstein and Z. Galil. Parallel algorithmic techniques for comcomputation. Ann. R ev. Comput. Sci., 3:233{283 , [FR

W84] F. E. Fich, P

. Ragde, and A. Wigderson. Relationships b etween concurrenwrite mo dels of parallel computation. In Pr o c. 3r d Annual ACM Symp on Principles of Distribute d Computing, pages 179{1 89, [FW78] S. F ortune and J. Willie. Parallelismin random access machines. In Pr o c. 10th ACM Symp osium on The ory of Computing, pages 114{118 , [Gol82] L. M. Goldschlager. A universal interconnection pattern for parallel ers. Journal of the ACM, 29(3):1073 {10 86 , [GR89] A. Gibb ons and W. Rytter. E�cient Par al lel Algorithms. Cambridge versity Press, 1989 [Hag90] T. Hagerup. Optimal parallel algorithms on planar graphs. Information Computation, 84:71{96 , [Has86] J. Hastad. Almost optimal lower b ounds for small depth circuits. In Pr o of 18th ACM Symp osium on The ory of Computing, pages 6{20, May [HKP84] H. J. Ho over, M. M. Klawe, and N. J. Pipp enger. Bounding fan-out in networks. Journal of the ACM, 31:13{18, [KR90] R. M. Karp and V. Ramachandran. A survey of parallel algorithms shared-memory machines. In J. v an Leeuwen, editor, Handb o ok of The or etic

Computer Scienc e, chapter 17, pages 869{9 32 . Elsevier,[Lan90] K.-J. Lange. Unambiguity of circuits. In Pr o c. of 5th Structur e in Conf., pages 130{13 7, [LR90] K.-J. Lange and P

. Rossmanith. Characterizing unambiguous augmenpushdown automata by circuits. In Pr o c. of 15th Symp osium on c al F oundations of Computer Scienc e, numb er 452 in LNCS, pages 399{4 06 Springer, [Par87] I. Parb erry

. Par al lel Complexity The ory. Pitman, 22

[Ros91] P

. Rossmanith. The owner concept for PRAMs. In Pr o c. of 8th Symp on The or etic al Asp e cts of Computer Scienc e, numb er 480 in Lecture Notes Computer Science, pages 172{183 . Springer, [Ruz80] W. L. Ruzzo. T ree-size b ounded alternation. Journal of Computer and tem Scienc es, 21:218{ 23 5, [Ruz81] W. L. Ruzzo. On uniform circuit complexity. Journal of Computer System Scienc es, 22:365{ 38 3, [Sch80] J. T. Schwarz. Ultracomputers. ACM TOPLAS, 2(4):484{52 1, [Sni82] M. Snir. On parallel searching. In Pr o c. SIGACT-SIGOPS Symp osium Principles of Distribute d Computing, pages 242{25 3, Ottawa, Canada, [Sud78] I. H. Sudb oroug h. On the tap e complexit y of deterministic context-free guages. Journal of the ACM, 25:405{ 414 , [SV84] L. Sto ckmeyer and U. Vishkin. Simulation of parallel random access macby circuits.SIAM Journal on Computing, 13(2):409{4 22, May 1984 [Vis83] U. Vishkin. Implementation of simultaneous memory address access in mo els that forbid it. Journal of Algorithms, 4:45{50, 23